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An algebra group is a group of the form P = 1 + J where J is
a ﬁnite-dimensional nilpotent associative algebra. A theorem of
Z. Halasi asserts that, in the case where J is deﬁned over a ﬁnite
ﬁeld F , every irreducible character of P is induced from a lin-
ear character of an algebra subgroup of P . If ( J ,σ ) is a nilpotent
algebra with involution, then σ naturally deﬁnes a group automor-
phism of P = 1+ J , and we may consider the ﬁxed point subgroup
CP (σ ). Assuming that F has odd characteristic p, we show that
every irreducible character of CP (σ ) is induced from a linear char-
acter of a subgroup of the form CQ (σ ) where Q is a σ -invariant
algebra subgroup of P . As a particular case, the result holds for the
Sylow p-subgroups of the ﬁnite classical groups of Lie type.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction, main results and consequences
Let p be an odd prime, let F be a ﬁnite ﬁeld of characteristic p, and let A be a ﬁnite-dimensional
associative F -algebra (with identity). We recall that an involution on A is a map σ : A → A satisfying
the following conditions:
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(ii) σ(ab) = σ(b)σ (a) for all a,b ∈ A;
(iii) σ 2(a) = a for all a ∈ A.
We note that an involution σ is not required to be F -linear. However, the ﬁeld F = F · 1 is preserved
by σ , and therefore σ deﬁnes a ﬁeld automorphism of F which is either the identity or of order 2.
We say that σ is of the ﬁrst kind if σ ﬁxes F , and of the second kind if σF has order 2. In any case, we
let Fσ = {α ∈ F | σ(α) = α} denote the σ -ﬁxed subﬁeld of F , and consider A as a ﬁnite-dimensional
associative Fσ -algebra. We observe that σ is of the second kind if and only if the ﬁeld extension
Fσ ⊆ F has degree 2, and σ : F → F is the Frobenius map deﬁned by the mapping α → αq where
q = |Fσ |; hence, Fσ = Fq and F = Fq2 . For simplicity of writing, we will the bar notation α¯ = αq for
α ∈ F .
An important example occurs in the case where A = Mn(F ) is the F -algebra consisting of all n×n
matrices with entries in F , endowed with the canonical transpose involution given by the mapping a →
at where at denotes the transpose of a ∈ Mn(F ). More generally, let q = |Fσ |, let Frq :Mn(F ) → Mn(F )
be the Frobenius morphism deﬁned by Frq(aij) = (a¯i j) = (aijq) for all (aij) ∈ Mn(F ), and deﬁne a∗ =
Frq(a)t for all a ∈ Mn(F ). Then, the mapping a → a∗ deﬁnes an involution on Mn(F ); we note that, if
Fσ = F , then a∗ = at for all a ∈ Mn(F ). As usual, we will denote by GLn(F ) the general linear group
consisting of all invertible matrices in Mn(F ). If σ :Mn(F ) → Mn(F ) is any involution of the ﬁrst kind,
then there exists u ∈ GLn(F ) with ut = ±u and such that σ(a) = u−1atu for all a ∈ Mn(F ); moreover,
the matrix u is uniquely determined up to a factor in F× . On the other hand, if σ :Mn(F ) → Mn(F )
is any involution of the second kind, then there exists u ∈ GLn(F ) with u∗ = u and such that σ(a) =
u−1a∗u for all a ∈ Mn(F ); moreover, the matrix u is uniquely determined up to a factor in (Fσ )× .
[The proofs can be found in the book [16] by M.-A. Knus et al. (see, in particular, Propositions 2.19
and 2.20) where the complete classiﬁcation of involutions is also given for arbitrary central F -algebras
(see Propositions 2.7 and 2.18).] For simplicity, for u ∈ GLn(F ) as above, we will denote by σu the
involution on Mn(F ) given by the mapping a → u−1a∗u; as usual, we say that σu is symplectic if σu
is of the ﬁrst kind and ut = −u, orthogonal if σu is of the ﬁrst kind and ut = u, and unitary if σu is of
the second kind and u∗ = u.
In the general situation, let A× denote the unit group of the F -algebra A. Then, for any involution
σ : A → A, the cyclic group 〈σ 〉 acts on A× as a group of automorphisms by means of xσ = σ(x−1) for
all x ∈ A× . For any σ -invariant subgroup H  A× , we denote by CH (σ ) the subgroup of H consisting
of all σ -ﬁxed elements; that is,
CH (σ ) =
{
x ∈ H ∣∣ xσ = x}= {x ∈ H ∣∣ σ (x−1)= x}.
In the case where A = Mn(F ), an arbitrary involution σ :Mn(F ) → Mn(F ) deﬁnes a group CGLn(F )(σ )
which is isomorphic to one of the well-known ﬁnite classical groups of Lie type (deﬁned over F ): the
symplectic group Sp2m(q) if σ is symplectic (and F = Fq), the orthogonal groups O+2m(q), O 2m+1(q),
or O−2m+2(q) if σ is orthogonal (and F = Fq), and the unitary group Un(q2) if σ is unitary (and
F = Fq2 ). [For the details on the deﬁnition of the classical groups, we refer to Chapter I the book
[5] by R. Carter.] In fact, up to isomorphism, these groups may be deﬁned by the involution σ = σu
where u ∈ GLn(F ) is the matrix deﬁned as follows; here, Jm denotes the m×m matrix with 1’s along
the anti-diagonal and 0’s elsewhere.
(i) For Sp2m(q), we choose F = Fq and u =
(
0 Jm
− Jm 0
)
.
(ii) For O+2m(q) or O 2m+1(q), we choose F = Fq and u = Jn where either n = 2m or n = 2m + 1.
(iii) For O−2m+2(q), we choose F = Fq and u =
( 0 0 Jm
0 c 0
Jm 0 0
)
where c =
(
1 0
0 −ε
)
for ε ∈ F×q − (F×q )2.
(iv) For Un(q2), we choose F = Fq2 and u = Jn . (In this case, we have Fσ = Fq .)
In this paper, we study the (complex) irreducible characters of the group CP (σ ) in the case where
P is a σ -invariant algebra subgroup of A× . Following the terminology of [12], given any nilpotent
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that a subalgebra of A is not required to contain the identity (it is simply a multiplicatively closed
vector subspace of A). We note that B = F · 1 + J is a (local) subalgebra of A, and that P = 1 + J is
a (normal) Sylow p-subgroup of the unit group B×; in fact, B× is isomorphic to the direct product
F× × P .
As a standard example, let A = Mn(F ), let u ∈ GLn(F ) be any of the matrices listed above, and let
σ :Mn(F ) → Mn(F ) be the involution given by σ(a) = u−1a∗u for all a ∈ Mn(F ). Let P = Un(F ) be
the (upper) unitriangular subgroup of GLn(F ) consisting of all upper-triangular matrices with 1’s on
the main diagonal, and note that P = 1 + J is the algebra subgroup of GLn(K ) associated with the
nilpotent subalgebra J = un(F )  Mn(F ) which consists of all upper-triangular matrices with 0’s on
the main diagonal; we note that un(F ) is the Jacobson radical of the Borel subalgebra B = bn(F ) of
Mn(F ) consisting of all upper-triangular matrices (hence, B× is the standard Borel subgroup Bn(F )
of GLn(F )). The nilpotent subalgebra un(F ) is clearly σ -invariant, and thus the unitriangular subgroup
P = Un(F ) is also σ -invariant. Therefore, we may consider the σ -ﬁxed subgroup CP (σ ); we note that,
P is a Sylow p-subgroup of GLn(F ), whereas CP (σ ) is a Sylow p-subgroup of the corresponding ﬁnite
classical group.
The main result of this paper is as follows. (We note that our proof is valid only under the as-
sumption of p being odd; in fact, in the paper [17], G. Lusztig showed that a Sylow p-subgroup of
Sp4(2
r) for r > 1 always has irreducible characters of degree 2r−1, and hence Theorem 1.4 below is
false in this case.) Following [12], a subgroup Q of an arbitrarily given algebra group P = 1 + J is
said to be algebra subgroup of P if there exists a subalgebra U of J such that Q = 1+ U .
Theorem 1.1. Let F be a ﬁnite ﬁeld of odd characteristic, and let (A, σ ) be a ﬁnite-dimensional F -algebra with
involution. Let J be a σ -invariant nilpotent subalgebra of A, and let ξ be an arbitrary irreducible character of
C P (σ ) where P = 1+ J . Then, there exists a σ -invariant algebra subgroup Q  P and a linear character η of
CQ (σ ) such that ξ = ηCP (σ ) .
As a consequence, we deduce that the degree of every irreducible character of CP (σ ) is a power
of |Fσ | (see Theorem 1.3 below); to see this, it is enough to show that |CP (σ )| is a power of |Fσ |.
A crucial tool is the well-known Cayley transform φ : J → P deﬁned on an arbitrary nilpotent subalge-
bra of A by the rule φ(a) = (1 − a)(1 + a)−1 for all a ∈ J . Since p is odd, the map φ is bijective. On
the other hand, since (1+ a)−1 = 1− a + a2 − a3 + · · ·, it is clear that φ(a) = 1− 2a + 2a2 − 2a3 + · · ·
for all a ∈ J . Therefore, we easily deduce that φ(σ (a)) = σ(φ(a)) for all a ∈ J . In particular, we obtain
the following elementary result.
Lemma 1.2. Let J be a σ -invariant nilpotent subalgebra of A, and let
C J (σ ) =
{
a ∈ J ∣∣ σ(a) = −a}.
Then, the Cayley correspondence deﬁnes a bijection φ :C J (σ ) → CP (σ ) where P = 1 + J . In particular,
|CP (σ )| is a power of |Fσ |.
Proof. On the one hand, since φ(−a) = φ(a)−1, we deduce that σ(φ(a)) = φ(σ (a)) = φ(−a) = φ(a)−1
for all a ∈ C J (σ ), and thus φ(C J (σ )) ⊆ CP (σ ). On the other hand, let x ∈ CP (σ ) be arbitrary, and
let a ∈ J be such that φ(a) = x. Then, φ(σ (a)) = σ(x) = x−1 = φ(a)−1 = φ(−a), and so σ(a) = −a.
The proof is complete; for the last assertion it is enough to observe that C J (σ ) is a vector space
over Fσ . 
A similar argument shows that |CP (σ ) ∩ Q | is a power of |Fσ | for any algebra subgroup Q  P ;
in the terminology of [12], this means that CP (σ ) is a strong subgroup of P (considered as an algebra
group over Fσ ). More generally, if P is any algebra group over (any ﬁeld) F and H  P is a subgroup,
we say that H is a strong subgroup of P if |H∩ Q | is a power of |F | for all algebra subgroups Q  P . In
our situation, we observe that P can be considered, in the obvious way, as an algebra group over Fσ .
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on character degrees is also an obvious consequence of Theorem 1.1 (together with Lemma 1.2).
Theorem 1.3. Let (A, σ ) be a ﬁnite-dimensional F -algebra with involution, let J be a σ -invariant nilpotent
subalgebra of A, and let P = 1 + J . Then, C P (σ ) is a strong subgroup of P (considered as an algebra group
over Fσ ). In particular, all irreducible characters of C P (σ ) have |Fσ |-power degree, and all conjugacy classes
of C P (σ ) have |Fσ |-power cardinality.
Proof. We prove that |CP (σ ) ∩ Q | is a power of |Fσ | for all Fσ -algebra subgroups Q  P . The re-
sult then follows by [12, Theorem D] (for the irreducible characters) and by [20, Lemma 5] (for the
conjugacy classes). Let U  J be an arbitrary Fσ -subalgebra. By the previous lemma, the Cayley trans-
form clearly deﬁnes a bijective map φ :C J (σ ) ∩ U → CP (σ ) ∩ (1+ U ), and the result follows because
C J (σ ) ∩ U is an Fσ -vector subspace of J . 
As a consequence, we deduce the following result; we refer that the same result was also obtained
by M. Boyarchenko (see the preprint [3]; see also the PhD thesis [4]) for a large class of ﬁnite groups
of Lie type using a rather different method. (Given any ﬁnite group G and any prime divisor p of |G|,
we denote by Sylp(G) the set consisting of all Sylow p-subgroups of G .)
Theorem 1.4. Let F be a ﬁnite ﬁeld of odd characteristic p, let G be a ﬁnite classical group of Lie type deﬁned
over F , and let P ∈ Sylp(G). Then, all irreducible characters of P have q-power degree where q = |F |.
Before we proceed with the proof of Theorem 1.1, we should mention that the corresponding result
for algebra groups was proved by Z. Halasi in the paper [9] (although the theorem was ﬁrst stated
by E.A. Gutkin in [8]). We will refer to this theorem as the Gutkin–Halasi’s Theorem; it asserts that
every irreducible character of a ﬁnite algebra group is induced by a linear character of some algebra
subgroup (see [9, Theorem 1.2]). Halasi’s original proof is Lie-theoretic and uses in an essential way a
nontrivial result of I.M. Isaacs which states that every irreducible character of a ﬁnite algebra group
over F is a power of |F | (see [12, Theorem A]). A group-theoretic proof which avoids Isaacs’ Theorem
A has been given by M. Boyarchenko in the paper [2]; we note that Isaacs’ Theorem is then an easy
consequence of Halasi’s Theorem. More generally, we may consider any Sylow p-subgroup of the
unit group of an arbitrary ﬁnite-dimensional (associative) algebra over F ; in fact, the following result
characterises these p-groups as being precisely the algebra groups over F .
Theorem 1.5. Let A be a ﬁnite-dimensional algebra over a ﬁnite ﬁeld F of characteristic p, and let P ∈
Sylp(A
×). Then, P is an algebra subgroup of A×; in other words, there exists a nilpotent subalgebra J  A
such that P = 1+ J . In particular, |P | is a power of |F |.
Proof. Let B = 〈x | x ∈ P 〉 be the vector space (over F ) spanned by P ⊆ A. Then, B is a subalgebra
of A, and P is a Sylow p-subgroup of B× . We claim that P = 1 + J (B) where J (B) denotes the
Jacobson radical of B . On the one hand, since 1 + J (B) is a p-subgroup of B× , there exists z ∈ B×
such that (1 + J (B))z  P , and thus 1 + J (B)  P (because J (B) is an ideal of B , hence J (B)z =
J (B)). On the other hand, let F [P ] be the group algebra of P over F , and let ψ : F [P ] → B be the
natural extension of the inclusion ι : P → B to a homomorphism of F -algebras. Since P is a ﬁnite
p-group, the Jacobson radical of F [P ] coincides with the augmentation ideal I(P ) of F [P ] (see [14,
Proposition 52.4]); we recall that I(P ) is the vector subspace of F [P ] spanned by all the elements
x− 1 for x ∈ P . It follows that ψ(I(P )) ⊆ J (B), and thus x− 1 ∈ J (B) for all x ∈ P . The claim follows,
and the proof is complete. 
Since every algebra group is the Sylow p-subgroup of a well-determined local algebra (see the
remarks above), we immediately deduce the following consequence.
C.A.M. André / Journal of Algebra 324 (2010) 2405–2417 2409Corollary 1.6. A ﬁnite group P is an algebra group over F if and only if P ∈ Sylp(A×) for some ﬁnite-
dimensional F -algebra A.
By virtue of Theorem 1.5, the Gutkin–Halasi’s Theorem can be restated as follows; here, by a
unitary subalgebra of A we mean any subalgebra of A containing the identity.
Theorem (Gutkin–Halasi). Let A be a ﬁnite-dimensional algebra over a ﬁnite ﬁeld F of characteristic p, let
P ∈ Sylp(A×), and let ξ be an irreducible character of P . Then, there exists a unitary subalgebra B  A and a
Sylow p-subgroup Q ∈ Sylp(B×)with Q  P such that ξ = ηP for some linear character η of Q . In particular,
the degree ξ(1) is a power of |F |.
In the case where (A, σ ) is a ﬁnite-dimensional algebra with involution (over a ﬁeld of odd char-
acteristic), we obtain a similar result as a consequence of Theorem 1.1; here, we naturally extend the
notation CH (σ ) to any subgroup H  A× by setting CH (σ ) = H ∩ CA× (σ ).
Theorem 1.7. Let F be a ﬁnite ﬁeld of odd characteristic p, and let (A, σ ) be any ﬁnite-dimensional F -algebra
with involution. Let P ∈ Sylp(A×), and let ξ be an irreducible character of C P (σ ). Then, there exists a σ -
invariant unitary subalgebra B  A and a Sylow p-subgroup Q ∈ Sylp(B×) with Q  P such that ξ = ηP for
some linear character η of CQ (σ ). In particular, the degree ξ(1) is a power of |Fσ |.
Proof. Since P is an algebra subgroup of A× (by Theorem 1.5), it is enough to apply Theorem 1.1 to
the σ -invariant algebra subgroup P ∩ Pσ . The last assertion is an immediate consequence of Theo-
rem 1.3. 
In particular, Theorem 1.1 (and the previous theorem) applies to any of the ﬁnite classical groups.
In fact, as we remarked above, the Sylow p-subgroups of any ﬁnite classical group can be realised as
the subgroup CP (σ ) where P = Un(F ) is the (upper) unitriangular subgroup of GLn(F ) and σ = σu
is an involution of A = Mn(F ) deﬁned by the appropriate matrix u ∈ GLn(F ). Thus, in this particular
situation, Theorem 1.1 (or Theorem 1.7) can be restated as follows.
Theorem 1.8. Let F be a ﬁnite ﬁeld of odd characteristic p, let G¯ be a classical algebraic group deﬁned over the
algebraic closure of F , and let G = G¯(F ) be the corresponding ﬁnite classical group of Lie type deﬁned over F .
Let P ∈ Sylp(G), and let ξ ∈ Irr(P ). Then, there exists a closed connected subgroup H¯ of G¯ such that ξ = ηP is
induced from some linear character η ∈ Irr(Q ) of the subgroup Q = P ∩ H¯ of P .
2. Proof of Theorem 1.1
In this section, we proceed with the proof of Theorem 1.1. In fact, we shall prove a slightly more
general result. Firstly, we recall the Glauberman correspondence between σ -invariant irreducible char-
acters of P and irreducible characters of its subgroup CP (σ ); our main reference is [11, Chapter 13].
As usual, we denote by Irr(P ) the set consisting of all irreducible characters of P (and extend this
notation to any ﬁnite group). For any character ξ of P , we denote by ξσ the character of P given by
ξσ (x) = ξ(xσ ) for all x ∈ P , and set
Irrσ (P ) =
{
ξ ∈ Irr(P ) ∣∣ ξσ = ξ}.
Then, since p is odd, the Glauberman correspondence asserts that there exists a uniquely deﬁned
bijective map
πP : Irrσ (P ) → Irr
(
CP (σ )
)
such that, for any ξ ∈ Irrσ (P ), the image η = πP (ξ) is the unique irreducible constituent of ξCP (σ ) with
odd multiplicity (see [11, Theorem 13.1]). Given any σ -invariant subgroup Q  P , we shall write πQ
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Theorem 1.1.
Theorem 2.1. Let F be a ﬁnite ﬁeld of odd characteristic, and let (A, σ ) be a ﬁnite-dimensional F -algebra
with involution. Let J be a σ -invariant nilpotent subalgebra of A, and let P = 1 + J . Let ξ be an irreducible
character of C P (σ ), and let ξˆ ∈ Irrσ (P ) be such that πP (ξˆ ) = ξ . Then, there exists a σ -invariant algebra
subgroup Q  P and a σ -invariant linear character ηˆ of Q such that ξˆ = ηˆP and ξ = ηCP (σ ) where η is the
linear character η = πQ (ηˆ) of CQ (σ ).
For the proof of this theorem, we will argue by induction on the dimension of J . Given any σ -
invariant nilpotent subalgebra J of A, we consider the algebra subgroup N = 1+ J2 of P = 1+ J ; in
the terminology of [12], N is an ideal subgroup of P and, in particular, it is a normal subgroup of P .
Following [2], we say that an irreducible character ξ ∈ Irr(P ) is strongly Heisenberg if ξN = eϑ for some
(positive) integer e and some P -invariant character ϑ ∈ Irr(N); hence, by [9, Theorem 1.3], ϑ is linear,
and so e = ξ(1). We note that, if ξ is σ -invariant, then ϑ is also σ -invariant (by [11, Theorem 13.27]);
it is clear that the subgroup N is σ -invariant. More generally, given any ﬁnite group G , we say that
ξ ∈ Irr(G) is a Heisenberg character if there exists a normal subgroup N such that G/N is abelian and
ξN = eϑ for some (positive) integer e and some G-invariant linear character ϑ ∈ Irr(N). The following
conditions are equivalent for any ξ ∈ Irr(G):
(i) ξ is a Heisenberg character;
(ii) if Z(ξ) = {x ∈ G | |ξ(x)| = ξ(1)} is the centre of ξ , then G/Z(ξ) is an abelian group.
It was proved in [2, Theorem 3.1] that every irreducible character ξ ∈ Irr(P ) is induced from a
strongly Heisenberg irreducible character of some algebra subgroup of P . We next show that the same
is true for σ -invariant irreducible characters; that is, every ξ ∈ Irrσ (P ) is induced from a strongly
Heisenberg η ∈ Irrσ (Q ) of some σ -invariant algebra subgroup Q  P . For the proof we need the
following auxiliary result (see [10, Lemma 3.2]); henceforth, we ﬁx the ﬁnite-dimensional F -algebra A
and the involution σ : A → A.
Lemma 2.2. Let J be a σ -invariant nilpotent subalgebra of A, and let P = 1 + J . Let N  Q be σ -invariant
normal subgroups of P , let ξ ∈ Irrσ (P ), and let η ∈ Irrσ (N) be a constituent of ξN . Then, there exists
ζ ∈ Irrσ (Q ) such that 〈ζ, ξQ 〉 
= 0 and 〈ζN , η〉 
= 0.
The following result will also be very useful.
Lemma 2.3. Let J be a σ -invariant nilpotent subalgebra of A, and let P = 1 + J . Let U ⊆ J be any σ -
invariant vector subspace such that J2 ⊆ U , and consider the σ -invariant ideal subgroup Q = 1+ U of P . Let
η ∈ Irrσ (Q ) be arbitrary. Then, the inertia group I P (η) = {x ∈ P | ηx = η} is a σ -invariant algebra subgroup
of P .
Proof. By [2, Lemma 3.2], we know that I P (η) is an algebra subgroup of P . The result follows because
I P (η) is clearly σ -invariant. 
We are now able to prove the following reduction theorem (see [2, Theorem 3.1]).
Proposition 2.4. Let J be a σ -invariant nilpotent subalgebra of A, let P = 1 + J , and let ξ ∈ Irrσ (P ).
Then, there exists a σ -invariant algebra subgroup Q  P and a strongly Heisenberg irreducible character
η ∈ Irrσ (Q ) such that ξ = ηP .
Proof. We proceed by induction on dim J . Suppose that ξ is not strongly Heisenberg, and let
N = 1 + J2. By [11, Theorem 13.27], there exists ϑ ∈ Irrσ (N) such that 〈ξN , ϑ〉 
= 0. By [9, Theo-
rem 1.3], ϑ is not P -invariant, and thus I P (ϑ) is a proper σ -invariant algebra subgroup of P (by the
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= 0 and 〈ηN , ϑ〉 
= 0. By
Clifford’s correspondence (see [11, Theorem 6.11]), we must have ξ = ηP , and the result follows by
induction. 
As a consequence, we may use Glauberman’s correspondence to prove the following result.
Proposition 2.5. Let J be a σ -invariant nilpotent subalgebra of A, and let P = 1 + J . Let ξ ∈ Irr(CP (σ ))
be arbitrary, and let ξˆ ∈ Irrσ (P ) be such that πP (ξˆ ) = ξ . Then, there exists a σ -invariant algebra subgroup
Q  P and a strongly Heisenberg irreducible character ηˆ ∈ Irrσ (Q ) such that ξˆ = ηˆP and ξ = ηCP (σ ) where
η = πQ (ηˆ) ∈ Irr(CQ (σ )). Moreover, η is a Heisenberg character of CQ (σ ).
For the proof, we will need the following consequence of [11, Theorems 13.27 and 13.28].
Lemma 2.6. Let J be a σ -invariant nilpotent subalgebra of A, let P = 1 + J , and let Q be a σ -invariant
algebra subgroup of P . Then:
(i) For any ξ ∈ Irrσ (P ), the restriction ξQ has a σ -invariant irreducible constituent.
(ii) For any η ∈ Irrσ (Q ), the induced character ηP has a σ -invariant irreducible constituent.
Proof. We proceed by induction on dim J . Let N = 1 + J2, and consider the subgroup QN  P . It is
clear that QN is a σ -invariant algebra subgroup of P ; moreover, since N ⊆ QN, it is obvious that QN is
a normal subgroup of P (in fact, it is an ideal subgroup). If QN = P , then Q = N (by [12, Lemma 3.1])
and there is nothing to prove. Thus, we assume that QN 
= P . By [11, Theorem 13.27], there exists
η ∈ Irrσ (QN) such that 〈η, ξQN〉 
= 0. By induction, we conclude that ηQ has a σ -invariant irreducible
constituent, and thus (i) is proved. On the other hand, let η ∈ Irrσ (Q ) be arbitrary. Then, by induction,
there exists ζ ∈ Irrσ (QN) such that 〈ζ,ηQN〉 
= 0. Since QN P , [11, Theorem 13.28] asserts that ζ P
has a σ -invariant irreducible constituent, and thus ηP = (ηQN)P also has a σ -invariant irreducible
constituent. The lemma follows. 
The following observation will also be very useful.
Lemma 2.7. Let J be a nilpotent subalgebra of A, and let Q be a strong subgroup of P = 1+ J which contains
N = 1 + J2 . Then, Q is an algebra subgroup of P . In particular, if J is σ -invariant, then CP (σ )N is an Fσ -
algebra subgroup of P .
Proof. Let u ∈ J be arbitrary, and let U = J2 + Fu. Then, 1+ U is an algebra subgroup of P , and thus
|Q ∩ (1 + U )| is a power of |F |. Since N  Q ∩ (1 + U ) and |1 + U : N|  |F |, either 1 + U  Q , or
Q ∩ (1 + U ) = N . The result follows; for the last assertion, one can apply the ﬁrst part to the Fσ -
algebra group P/N ∼= 1+ J/ J2 and to its strong subgroup CP/N (σ ) (see Lemma 1.2), and use the fact
that CP/N (σ ) = CP (σ )N/N (see [7, Theorem 5.3.15]). 
The proof of Proposition 2.5 will be complete once we prove the following result.
Proposition 2.8. Let J be a σ -invariant nilpotent subalgebra of A, and let P = 1 + J . Let ξ ∈ Irr(CP (σ )) be
arbitrary, and let ξˆ ∈ Irrσ (P ) be such that πP (ξˆ ) = ξ . Moreover, let Q  P be a σ -invariant algebra subgroup
such that ξˆ = ηˆP for some ηˆ ∈ Irrσ (Q ). Then, ξ = ηCP (σ ) where η = πQ (ηˆ) ∈ Irr(CQ (σ )).
Proof. We proceed by induction on dim J . Let N = 1+ J2, and consider the subgroup QN  P and the
induced character ζˆ = ηˆQN ∈ Irr(QN). By Lemma 2.6, the irreducible character ζˆ must be σ -invariant;
moreover, we clearly have ξˆ = ζˆ P . If QN = P , then Q = P (by [12, Lemma 3.1]), and there is nothing
to prove. Thus, suppose that QN is a proper subgroup of P , and let ζ = πQN(ζˆ ) ∈ Irr(CQN(σ )). By in-
duction, we have ζ = ηCQN(σ ) , and thus it is enough to prove that ξ = ζ CP (σ ) . To see this, we consider
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so L is also an Fσ -algebra subgroup of P . Since ζˆ L is irreducible, the inertia group I L(ζˆ ) equals QN
(by Mackey’s criterion; see [11, Exercise 6.1]). On the other hand, by Lemma 2.6 (and by the pre-
vious lemma), we have ζˆ L ∈ Irrσ (L), and πL(ζˆ L) = (πQN(ζˆ ))CL (σ ) = ζ CL (σ ) (see [11, Exercise 13.14]).
Since CP (σ )  L, we have CL(σ ) = CP (σ ), and so πL(ζˆ L) = ζ CP (σ ) = ηCP (σ ) . Finally, using [7, Theo-
rem 5.3.15], we deduce that CP/L(σ ) = CP (σ )L/L = 1, and thus [11, Exercises 13.4 and 13.5] imply
that ξ = πP (ξˆ ) = πL(ζˆ L) = ηCP (σ ) , as required. 
We now ﬁnish the proof of Proposition 2.5.
Proof of Proposition 2.5. The ﬁrst assertion follows by Proposition 2.4 and the previous proposition.
For the last assertion, let U  J be the vector subspace such that Q = 1+ U , and let N = 1+ U 2. Let
ϑˆ ∈ Irrσ (N) be such that ξˆN = eϑˆ for e = ξˆ (1), and let ϑ = πN (ϑˆ) ∈ Irr(CN (σ )). Since ϑˆ is linear, we
must have ϑˆCN (σ ) = ϑ (hence, ϑ is linear). Moreover, since ϑˆ is Q -invariant, we easily deduce that
ICQ (σ )(ϑ) = CQ (σ ). The result follows because CQ (σ )/CN (σ ) ∼= CQ (σ )N/N is abelian. 
Next, we consider strongly Heisenberg σ -invariant irreducible characters of the algebra group P =
1 + J where J is a σ -invariant nilpotent subalgebra of A. We recall some of the techniques used
in the paper [2]. Given any P -invariant (linear) character ϑ ∈ Irrσ (N) of N = 1 + J2, we deﬁne the
commutator pairing cϑ : P/N × P/N →C× by
cϑ(xN, yN) = ϑ
([x, y])
for all x, y ∈ P ; as usual, we set [x, y] = x−1 y−1xy for x, y ∈ P . It is well known that cϑ deﬁnes an
alternating bilinear form on P/N . Moreover, there exists an algebra subgroup L  P containing N and
such that L/N is a maximal isotropic subgroup of P/N with respect to cϑ (see [2, Proposition 1.3]).
In our situation, we have the following result.
Lemma 2.9. Let J be a σ -invariant nilpotent subalgebra of A, let P = 1 + J , and let N = 1 + J2 . Let
ϑ ∈ Irrσ (N) be a P -invariant (linear) character, and let cϑ : P/N × P/N → C× be the commutator pair-
ing associated with ϑ . Then, there exists a σ -invariant algebra subgroup L  P containing N and such that
L/N is a maximal isotropic subgroup of P/N with respect to cϑ .
Proof. Let S = 〈σ 〉, let Fσ [S] denote the group algebra of S over Fσ , and consider the left Fσ [S]-
module U = J/ J2; we recall that σ : J → J is an Fσ -linear isomorphism. Since p is odd, Maschke’s
Theorem guarantees that J/ J2 = U1 ⊕ · · · ⊕ Un for some irreducible Fσ [S]-submodules U1, . . . ,
Un  U . On the other hand, since F contains a primitive square root of unity (because p is odd),
every irreducible Fσ [S]-module is one-dimensional (see [7, Theorem 3.24]), and thus there exist vec-
tors u1, . . . ,un ∈ J/ J2 such that Ui = Fσ ui for all 1  i m; in fact, since σ has order 2, we have
σ(ui) = ±ui for all 1  i  n. Then, {u1, . . . ,un} is a spanning set for J/ J2 considered as a vector
space over F , and so we may choose an F -basis {v1, . . . , vm} for J/ J2 with v1, . . . , vm ∈ {u1, . . . ,un}.
For each 1 i m, let Vi  J be the vector subspace such that Vi/ J2 = F v1 ⊕· · ·⊕ F vi , and let Ni =
1 + Vi  P . Then, we obtain a chain J2 = V0 < V1 < · · · < Vm = J of σ -invariant vector subspaces
satisfying dim Vi/Vi−1 = 1 for all 1 i m, and hence also a chain N = N0 < N1 < · · · < Nm = P of
σ -invariant ideal subgroups of P satisfying |Ni : Ni−1| = |F | for all 1 i m. Now, for each 1 i m,
let Li = {x ∈ Ni | [x,Ni]  ker(ϑ)} where ker(ϑ) = {z ∈ N | ϑ(z) = ϑ(1)} is the kernel of ϑ . By [2,
Lemma 1.4], for each 1 i m, Li is an ideal subgroup of P , and so the product L = L1 · · · Lm is also
an ideal subgroup of P . Moreover, since ϑ is σ -invariant, each Li is clearly σ -invariant, hence L is
also σ -invariant. Finally, it is easy to show that L/N is a maximal isotropic subgroup of P/N with
respect to cϑ (for a proof see [6, Lemma 1.12.3]). 
We are now able to prove the following result.
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ξ ∈ Irrσ (P ) be strongly Heisenberg, and let ϑ ∈ Irrσ (N) be the linear character such that ξN = eϑ for e = ξ(1).
Then, there exists a σ -invariant algebra subgroup L  P with N  L and a linear character η ∈ Irrσ (L) such
that ξ = ηP .
Proof. Let L  P be a σ -invariant algebra subgroup containing N and such that L/N is a maximal
isotropic subgroup of P/N with respect to the commutator pairing cϑ . It is well known that ξ = ζ P for
some linear character ζ ∈ Irr(L); moreover, we must have ζN = ϑ . On the other hand, by Lemma 2.2,
there exists η ∈ Irrσ (L) such that 〈η, ξL〉 
= 0 and 〈ηN , ϑ〉 
= 0. By Gallagher’s Theorem (see [11, Corol-
lary 6.14]), we must have η = ωζ for some ω ∈ Irr(L) with N  ker(ω). Since L/N is abelian, ω is
linear, and thus η is also linear. By degree considerations, we conclude that ξ = ηP , as required. 
The Glauberman correspondence can now be used to establish the following result. (The proof is
an obvious application of the previous theorem and Proposition 2.8.)
Proposition 2.11. Let J be a σ -invariant nilpotent subalgebra of A, let P = 1 + J , and let N = 1 + J2 . Let
ξ ∈ Irr(CP (σ )), and let ξˆ ∈ Irrσ (P ) be such that ξ = πP (ξˆ ). Suppose that ξˆ is strongly Heisenberg, and let
ϑˆ ∈ Irrσ (N) be the linear character such that ξˆN = eϑˆ for e = ξˆ (1). Then, there exists a σ -invariant algebra
subgroup L  P with N  L and a linear character ηˆ ∈ Irrσ (L) such that ξˆ = ηˆP and ξ = ηCP (σ ) .
Remark. In the notation of the theorem, let c
ϑˆ
: P/N × P/N → C× be the commutator pairing as-
sociated with ϑˆ , so that L/N is a maximal isotropic subgroup of P/N with respect to c
ϑˆ
. Then, the
quotient group CL(σ )/CN (σ ) is a maximal isotropic subgroup of CP (σ )/CN (σ ) with respect to com-
mutator pairing
cϑ :CP (σ )/CN (σ ) × CP (σ )/CN (σ ) →C×
associated with the linear character ϑ = πN (ϑˆ) ∈ Irr(CN (σ )). In fact, it is clear that CL(σ )/CN (σ ) is
an isotropic subgroup of CP (σ )/CN (σ ) with respect to cϑ . On the other hand, let ηˆ ∈ Irrσ (L) be a σ -
invariant extension of ϑˆ . Then, η = πL(ηˆ) ∈ Irr(CL(σ )) is an extension of ϑ . Moreover, since I P (ηˆ) = L
(because L/N is maximal isotropic with respect to c
ϑˆ
), we also have IC P (σ )(ϑ) = CL(σ ); we observe
that, for any x ∈ IC P (σ )(ϑ), we have πN (ϑˆx) = ϑx = ϑ , and thus ϑˆx = ϑˆ (because the Glauberman
map is bijective). It follows that ηCP (σ ) is irreducible, hence CL(σ )/CN (σ ) is a maximal isotropic with
respect to cϑ .
Using Proposition 2.10 together with Proposition 2.4, we clearly deduce the following result.
Proposition 2.12. Let J be a σ -invariant nilpotent subalgebra of A, let P = 1 + J , and let ξˆ ∈ Irrσ (P ) be
arbitrary. Then, there exists a σ -invariant algebra subgroup Q  P and a σ -invariant linear character ηˆ ∈
Irrσ (Q ) such that ξˆ = ηˆP .
This also completes the proof of our main Theorem 2.1; the desired conclusion follows immediately
by Proposition 2.8. We observe that the proof of Theorem 1.1 is also complete.
3. Irreducible characters for large primes
As before, let (A, σ ) be a ﬁnite-dimensional (associative) F -algebra, and let J be a σ -invariant
nilpotent subalgebra of A. In the case where J satisﬁes J p = 0, the irreducible characters of the
algebra group P = 1 + J may be described by Kirillov’s method of coadjoint orbits (see [15, Propo-
sition 2]; see also [19, Theorem 7.7]). In fact, in this situation, we may deﬁne the usual expo-
nential map exp : J → P by expa = 1 + a + a2/2 + · · · + ap−1/(p − 1)! for all a ∈ J . As is well
known, this map is bijective, and its inverse is the logarithm map ln : P → J deﬁned by ln(1 + a) =
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Campbell–Hausdorff formula holds (see [13, p. 175]). We consider the adjoint action of P on J given
by ax = x−1ax for all a ∈ J and all x ∈ P , and observe that the exponential map deﬁnes a permuta-
tion isomorphism between this action and the action of P on itself by conjugation: we clearly have
exp(ax) = (expa)x for all a ∈ J and all x ∈ P . On the other hand, let J◦ the set consisting of all linear
characters of the additive group J+ of J ; hence, J◦ = Irr( J+). By duality, the group P acts on J◦
via the coadjoint action: if λˆ ∈ J◦ and x ∈ P , then λˆx(a) = λˆ(ax−1 ) for all a ∈ J . We refer to the orbits
of this action as the coadjoint P -orbits on J◦ . The orbit of λˆ ∈ J◦ will be denoted by O P (λˆ), and its
stabiliser by CP (λˆ). For each P -orbit O ⊆ J◦ , we deﬁne the map ξˆO : P →C by
ξˆO (expa) = |O |−1/2
∑
λˆ∈Oˆ
λˆ(a)
for all a ∈ J ; in the case where O = O P (λˆ) is the P -orbit of λˆ ∈ J◦ , we simplify the notation and
write ξˆ
λˆ
instead of ξˆO P (λˆ) . It is easy to see that these functions form an orthonormal basis in the
unitary space cf(P ) consisting of all class functions of P . In fact, Kazhdan’s Theorem asserts that each
function ξˆO is an irreducible character of P , and that every irreducible character is of the form ξˆO for
some P -orbit O ⊆ J◦ (see [15, Proposition 2]).
Now, let U be a subalgebra of J , and let Q = 1+ U be the corresponding algebra subgroup of P ;
we note that Q = exp(U ). For a given linear character λˆ ∈ J◦ , let μˆ = λˆU be the restriction of λˆ to U .
Then, we can consider the irreducible character ξˆμˆ ∈ Irr(Q ) associated with the coadjoint Q -orbit
O Q (μˆ) ⊆ U ◦ , and the induced character (ξˆμˆ)P . By [18, Theorem 1], we have
(ξˆμˆ)
P = ξˆ
λˆ
⇐⇒ |P : Q | = ∣∣CQ (μˆ)∣∣/∣∣CP (λˆ)∣∣;
in other words, (ξˆμˆ)
P = ξˆ
λˆ
if and only if (ξˆμˆ)
P and ξˆ
λˆ
have the same value at the identity.
A particular situation occurs when the subalgebra U  J is a λˆ-polarisation, that is, a subal-
gebra of J which, as a vector subspace, is maximal with respect to the condition λˆ([U ,U ]) = 1;
a vector subspace V of J satisfying λˆ([V , V ]) = 1 is said to be λˆ-isotropic. By Witt’s Theorem
(see [1, Theorems 3.10 and 3.11]), every maximal λˆ-isotropic subspace of J has dimension equal
to (1/2)(dim J + dimC J (λˆ)) where C J (λˆ) = {a ∈ J | [a, J ]  ker(λˆ)}. Since 1 + C J (λˆ) = CP (λˆ) is the
centraliser of λˆ, we conclude that |O P (λˆ)| = |P : Q |2 where Q = 1+ U is the algebra subgroup of P
associated with any λˆ-polarisation U  J ; in particular, |O P (λˆ)| is a square power of |F |. On the
other hand, if U  J is an arbitrary λˆ-polarisation and μˆ = λˆU is the restriction of λˆ to U , it is easy
to see that O Q (μˆ) = {μˆ} where Q = 1 + U . Therefore, the irreducible character ξˆμˆ ∈ Irr(Q ) is given
by ξˆμˆ(expa) = μˆ(a) = λˆ(a) for all a ∈ U . As remarked above, [18, Theorem 1] completes the proof of
the folowing result. (We observe that λˆ-polarisations exist for all λˆ ∈ J◦; a construction can be found
in [6, Section 1.12] (see also the proof of Lemma 3.2 below).)
Proposition 3.1. Let J be a nilpotent subalgebra of A satisfying J p = 0, and let P = 1 + J . Let λˆ ∈ J◦ , let
U  J be a λˆ-polarisation, and let Q = 1 + U . Then, ξˆ
λˆ
= (ϑˆ
λˆ
)P where ϑˆ
λˆ
: Q → C is the linear character
deﬁned by ϑˆ
λˆ
(expa) = λˆ(a) for all a ∈ U .
Next, we consider the σ -invariant irreducible characters of P , and use Glauberman’s correspon-
dence to identify the irreducible characters of the group CP (σ ). We note that Kirillov’s method also
describes the irreducible characters of CP (σ ) in terms of the coadjoint CP (σ )-orbits on C J (σ )◦; the
construction follows exactly the same steps as above, and depends on the Lie algebra structure of
C J (σ ) considered as a vector space over the σ -ﬁxed point ﬁeld Fσ . The purpose of this section is
to illustrate how the Glauberman correspondence πP : Irrσ (P ) → Irr(CP (σ )) can be used to describe
the irreducible characters of CP (σ ) in terms of the σ -invariant coadjoint P -orbits on J◦ . We start by
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composes uniquely as the sum a = 12 (a+σ(a))+ 12 (a−σ(a)), and hence λ is the restriction to C J (σ )
of the linear character λˆ ∈ J◦ deﬁned by λˆ(a) = λ( 12 (a − σ(a))) for all a ∈ J . We have the following
result.
Lemma 3.2. Let J be a σ -invariant nilpotent subalgebra of A, let λ ∈ C J (σ )◦ , and let λˆ ∈ J◦ be deﬁned by
λˆ(a) = λ( 12 (a − σ(a))) for all a ∈ J . Then, there exists a σ -invariant λˆ-polarisation U  J . Moreover, for any
σ -invariant λˆ-polarisation U  J , the vector subspace (over Fσ ) CU (σ ) C J (σ ) is maximal λ-isotropic.
Proof. For the ﬁrst assertion, it is enough to choose a chain 0 = J0 ⊆ J1 ⊆ · · · ⊆ Jm = J of σ -invariant
ideals of J satisfying dim Jk/ Jk−1 = 1 for all 1  k < m (for the existence of this chain we refer to
the proof of Lemma 2.9). Then, for each 1 km, C Jk (λˆ) = {a ∈ Jk | [a, Jk] ker(λˆ)} is a σ -invariant
vector subspace of J ; in fact, it is straightforward to check that λˆ([σ(a),b]) = λˆ([a, σ (b)]) for all
a,b ∈ J . By [6, Lemma 1.12.3], U = C J1 (λˆ) + · · · + C Jm (λˆ) is a λˆ-polarisation of J which is clearly
σ -invariant.
For the last assertion, let U  J be an arbitrary σ -invariant λˆ-polarisation. Then, CU (σ ) is an Fσ -
vector subspace satisfying λ([a,b]) = 1 for all a,b ∈ CU (σ ); we recall that CU (σ ) is a Lie subalgebra
of U . On the other hand, let c ∈ C J (σ ) be such that λ([a, c]) = 1 for all a ∈ CU (σ ), and let u ∈ U be
arbitrary. Then, λˆ([u, c]) = λ( 12 ([u, c] − σ([u, c]))) = λ([ 12 (u − σ(u)), c]) = 1, and so the vector sub-
space U + F c  J is λˆ-isotropic. By the maximality of U , we conclude that c ∈ U , and this completes
the proof. 
We are now able to identify the σ -invariant irreducible characters of P , and hence the irreducible
characters of CP (σ ).
Proposition 3.3. Let J be a σ -invariant nilpotent subalgebra of A satisfying J p = 0, and let P = 1 + J . For
each λ ∈ C J (σ )◦ , let λˆ ∈ J◦ be deﬁned by λˆ(a) = λ( 12 (a − σ(a))) for all a ∈ J . Then,
(i) Irrσ (P ) = {ξˆλˆ | λ ∈ C J (σ )◦};
(ii) Irr(CP (σ )) = {ξλ | λ ∈ C J (σ )◦} where ξλ = πP (ξˆλˆ) for λ ∈ C J (σ )◦ .
Proof. It is enough to prove (i) because Irr(CP (σ )) = πP (Irrσ (P )) (by Glauberman’s Theorem). Let λ ∈
C J (σ )◦ be arbitrary, let U  J be a σ -invariant λˆ-polarisation, and consider the σ -invariant algebra
subgroup Q = 1+U of P . Then, the linear character ϑˆ
λˆ
of Q is σ -invariant; in fact, since (expa)−1 =
exp(−a), we have (expa)σ = exp(−σ(a)) for all a ∈ J , and thus
ϑˆ
λˆ
(
(expa)σ
)= λˆ(−σ(a))= λ
(
1
2
(−σ(a) + a)
)
= λˆ(a) = ϑˆ
λˆ
(expa)
for all a ∈ J . It follows that the induced character ξˆ
λˆ
= (ϑˆ
λˆ
)P is also σ -invariant. Conversely, let μˆ ∈ J◦
be such that ξˆμˆ ∈ Irrσ (P ), and let O P (μˆ) be the coadjoint P -orbit which contains μˆ. Let μˆσ ∈ J◦
be deﬁned by μˆσ (a) = μˆ(−σ(a)) for all a ∈ J . It is straightforward to show that {(μˆσ )x | x ∈ P } is
a P -orbit on J◦ , and thus ξˆμˆ(exp(−σ(a))) = ξˆμˆσ (expa) for all a ∈ J . It follows that μˆσ ∈ O P (μˆ),
and thus the mapping νˆ → νˆσ deﬁnes an action of the cyclic group 〈σ 〉 on the P -orbit O P (μˆ). By
Glauberman’s Lemma (see [11, Lemma 13.8]), we conclude that there exists λˆ ∈ O P (μˆ) such that
λˆσ = λˆ; that is, such that λˆ(−σ(a)) = λˆ(a) for all a ∈ J . Therefore, we have λˆ( 12 (a + σ(a))) = 1, and
so λˆ(a) = λˆ( 12 (a − σ(a))) for all a ∈ J . It is thus enough to deﬁne λ ∈ C J (σ )◦ by λ = λˆC J (σ ) . 
As a consequence of Proposition 2.8, we easily deduce the following result.
2416 C.A.M. André / Journal of Algebra 324 (2010) 2405–2417Proposition 3.4. Let J be a σ -invariant nilpotent subalgebra of A satisfying J p = 0, and let P = 1 + J . Let
λ ∈ C J (σ )◦ , let λˆ ∈ J◦ be deﬁned by λˆ(a) = λ( 12 (a − σ(a))) for all a ∈ J , and let ξλ = πP (ξˆλˆ) ∈ Irr(CP (σ )).
Let U be a σ -invariant λˆ-polarisation, and let ϑˆ
λˆ
be the linear character of Q = 1+U deﬁned by ϑˆ
λˆ
(expa) =
λˆ(a) for all a ∈ U . Then, ξλ = (ϑλ)CP (σ ) where ϑλ = πQ (ϑˆλˆ) ∈ Irr(CQ (σ )); in particular, ϑλ = (ϑˆλˆ)CQ (σ ) is
deﬁned by ϑλ(expa) = λ(a) for all a ∈ CU (σ ).
Proof. The equality ξλ = (ϑλ)CP (σ ) follows by Proposition 2.8 because ξˆλˆ = (ϑˆλˆ)P and ξˆλˆ and ϑˆλˆ
are both σ -invariant. On the other hand, since ϑˆ
λˆ
is linear, we have ϑλ = (ϑˆλˆ)CQ (σ ) (by [11, The-
orem 13.1]), and thus ϑλ(expa) = λˆ(a) = λ(a) for all a ∈ CU (σ ); we note that expCU (σ ) = CQ (σ ). 
Finally, we consider the coadjoint action of CP (σ ) on C J (σ )◦ . We start by proving the following
result.
Proposition 3.5. Let J be a σ -invariant nilpotent subalgebra of A satisfying J p = 0, and let P = 1 + J . Let
λ,μ ∈ C J (σ )◦ , and let ξλ, ξμ ∈ Irr(CP (σ )) be as above. Then, ξλ = ξμ if and only if λ and μ lie in the same
CP (σ )-orbit on C J (σ )◦ .
Proof. Let λ,μ ∈ C J (σ )◦ be arbitrary, and let λˆ, μˆ ∈ J◦ be deﬁned as before; hence, by the deﬁni-
tion, we have ξλ = πP (ξˆλˆ) and ξμ = πP (ξˆμˆ). Since the Glauberman correspondence is bijective, we
conclude that ξλ = ξμ if and only if ξˆλˆ = ξˆμˆ , and thus ξλ = ξμ if and only if μˆ ∈ O P (λˆ). As above,
we consider the action of 〈σ 〉 on J◦ given by νˆσ (a) = νˆ(−σ(a)) for all νˆ ∈ J◦ and all a ∈ J . Since
O P (λˆ) is clearly σ -invariant (because λˆσ = λˆ), [11, Corollary 13.9] implies that the σ -ﬁxed point set
O P (λˆ)σ = {νˆ ∈ O P (λˆ) | νˆσ }=νˆ is an orbit under the action of CP (σ ). In particular, since λˆσ = λˆ and
μˆσ = μˆ, we conclude that ξλ = ξμ if and only if μˆ ∈ O P (λˆ)σ , and thus ξλ = ξμ if and only if μˆ = λˆx
for some x ∈ CP (σ ). The result follows because λ = λˆC J (σ ) and μ = μˆC J (σ ) . 
Finally, an easy application of [18, Theorem 1] shows that the following formula holds for the
character values of ξλ .
Proposition 3.6. Let J be a σ -invariant nilpotent subalgebra of A satisfying J p = 0, and let P = 1+ J . Let λ ∈
C J (σ )◦ , let O = OCP (σ )(λ) ⊆ C J (σ )◦ be the coadjoint CP (σ )-orbit which contains λ, and let ξλ ∈ Irr(CP (σ ))
be as above. Then,
ξλ(expa) = 1|O |1/2
∑
μ∈O
μ(a)
for all a ∈ C J (σ ).
Proof. We consider C J (σ ) as a vector space over Fσ , and note that exp :C J (σ ) → CP (σ ) is a permu-
tation isomorphism (with respect to the action of CP (σ ) by conjugation). Let λˆ ∈ J◦ be deﬁned by
λˆ(a) = λ( 12 (a−σ(a))) for all a ∈ J , let U  J be a σ -invariant λˆ-polarisation, and let Q = 1+U . Then,
CU (σ ) is a vector subspace (over Fσ ) of C J (σ ), and CQ (σ ) = expCU (σ ). Since CU (σ ) is maximal λ-
isotropic (by Lemma 3.2), we have OCQ (σ )(λ) = {λ}, and also |O |1/2 = |CP (σ ) : CQ (σ )| (by Witt’s
Theorem). Let ϑλ be the linear character of CQ (σ ) deﬁned by ϑλ(expa) = λ(a) for all a ∈ CU (σ ).
Then, by [18, Theorem 1], we conclude that
(ϑλ)
CP (σ )(expa) = 1|O |1/2
∑
μ∈O
μ(a)
for all a ∈ C J (σ ), and the result follows because ξλ = (ϑλ)CP (σ ) (by Proposition 3.4). 
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